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SET-UP

Let K be our base field (e.g., Qp or a number field). Let C be a genus 2
curve defined over K. Over the algebraic closure K, the points of the
Jacobian correspond to the group of degree 0 divisor classes, i.e.,

J(K) = Pic’(C).

The absolute Galois group G := Gal(K/K) acts on the curve C, and
therefore acts on the divisor classes in J(K).

The Jacobian is an abelian variety and we would like to understand its
torsion.
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WHAT 15 J[2]?

Let f(z) have six distinct roots a1, ae, ..., as. Denote
P = (Oéi, 0)

and let
W :={P1, P2, P3, Py, P5s, Ps}

be the set of Weierstrass points.

Lore tells us that
J2l = (z/22)*,

so there are 16 elements.
Turns out, we can build J[2] using our set of 6 Weierstrass points!
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PROPOSITION

Let U« C W be any subset of even cardinality. The elements of J[2] are
given by divisor classes of the form

How many such subsets are there?

() (5)+ ()= (¢) -1 s 10

That’s double the number we need! :(
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WHAT 18 J[2]7

Fact: [Dy] = [Dyw\ul-
(FOI‘ example, D{phpz} = D{ps,p4’p5’p6})

So, the number of distinct classes is 32/2 = 16. Yay! :)

But why is this 2-torsion?



WHAT 15 J[2]?

We would like to show that 2 - [Dy] = 0, i.e., 2+ Dy is a principal divisor.

First, we consider g; = (X — a;). We want to understand div(g;), so we
need to find out the orders of its zeroes and poles. It clearly has a zero at
a; of order 2 and o001, 002 are simple poles. So,

div(g;) = 2P; — (001 + 002).

In particular, we have 2P, ~ ooy + 002 for every i = 1,...,6.



WHAT 15 J[2]?

We now use this to understand 2 - Dy, for an eveen subset 4 C W. We have

2.DM=2(Z Pilzg|(ool+002)) = > 2P~ |U| (001 + 002).

P eU P;cU
Set gu = [ p, cyy(x — @i). Then,
div(gu) = Z div(z — a;) = Z (2P; — (001 + 002))
P, eU PeU
= ZQPZ' 7|Z//|(OO1+002):2-D1,{.
P;eu

So, [Dy] € J[2].

=



WHAT 15 J[2]?

So really, all this boils down to just taking U = {P;, P;}, as

Dy = [P + P; — (2/2)(c01 + 002)]
= [P; + Pj — (001 + 002)]
= [PZ + Pj — 2Pj] (as 2Pj ~ 001 + OOQ)
=[P — Pj]

And (5) =15 and O, = Dg.

What happens if you add two points in J[2]?
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WHAT 15 J[2]?

Claim: Let U,V C W be even cardinality subsets. Then,

Proof:

| U |
Dy + Dy = —2001+OO2) (ZP
PeUu

(>
g
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prPeu
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PeMAV

Dy + Dy = Dyavy.
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WHAT 18 J[2]7

> Similarly(ish) one can show that Dy = Dyy\y.
> What if deg(f(x)) = 5? Can define Dy =Y pc, P— | U | -c0.



What about J[3]?
Not as nice, sadly :(

But, thanks to Tim Dokchitser, Christopher Doris and Harry Spencer, we
have the following:

PROPOSITION

Let C/K be a genus 2 curve over a field of characteristic different from 2
and 3 with model 3> = f (z). There is a one-to-one correspondence between
the non-zero 3-torsion points of J(C) and the union of the three sets of
tuples (u1,...,u7), (vi,...,vs) and (ws,...,ws) respectively satisfying the
equalities

f(z) = (U49€3 + uzx® + usx + ’u1)2 = u7(ac2 + ugx + u5)3
= (vaz® + v3z® + voz + v1)? — v6(z + vs)?

3 2 2
= (waz” + w3z” + wox + w1)” — ws.



WHAT 18 J[n]?

Now, let us try to understand n-torsion for any n. First, let’s go back to an
elliptic curve. We know that E = C/A, for some lattice A C C.

c

[/ (=

We're going to look at “periods” to determine how we get to the torus from
a lattice.
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WHAT 18 J[n]?

The dimension of the space of holomorphic differentials on a compact
Riemann surface is equal to its genus g.

In our case, the genus is 1 and you may have encountered the invariant
differential w = dz/y.

c

v

Our torus has two fundamental loops, call them ~ and ¢.




WHAT 18 J[n]?

So, we let
/w:n and /w:Tg,
o 5
and then our lattice is given by
A = ZTl + ZTQ.

So, finding P € E such that n- P = Og, is the same as finding z € C such
that n -z € A. These are generated by (k171)/n and (k272)/n, for
k; €{0,...,n — 1}. There are n* and E[n] = (Z/nZ)>.
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WHAT 18 J[n]?

An analogous process works for genus 2 curves, instead we go from C? to a
two-holed torus.




FACT:

For a hyperelliptic curve, a basis for the space of holomorphic differentials
is given by z'dz/y, where 1 = 0,...,g — 1.

So, for our genus 2 curve, we have a basis given by w1 = dz/y and

w2 = xzdx/y. Set
w2 zdz [y

Our double donut has four fundamental loops 71,2, 01, d2, and so we obtain
d d
le/wz(f“ ;/y>7 TQ:/W:(‘[’Y2;/y>
71 f’n r x/y 2 f x :E/y

e [om (Y i [ an (et
3 5 f5 xdx/y 4 5 f& xdx/y

This g X 2g matrix is called the

—\

period matrix”.



WHAT 18 J[n]?

Sidenote: The g x 2g period matrix can be written as
[Agxg | Byxg]l = [AT A | A7'B] = [Iyxg | A7 Byxgl,

and sometimes people call A™'B the period matrix.

So, we have A = Z7y + Z12 + Z7s + Z714. Our n-torsion points are given by
ki /n, and so J[n] = (Z/nZ)*.
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WHAT 18 J[n]?

To get the points back on the curve, we know that the isomorphism
between E and C/A is given via the Weierstrass p function, in particular
(x,y) = (p(2), p(2)"). Using this isomorphism, we can write

p(nz) = p(z) — some recurrence

to obtain things called division polynomials. The solutions to this
n-divison polynomials give you the z-coordinates of the n-torsion. For
example, for an elliptic curve y* = 2> + Az + B,,

Yo =0, P1=1, =2y,
s = 32* + 64z + 12Bx — A2,
s = 4y(2® + 5Az* + 20Bx® — 5A%z* — 4ABx — 8B — A®)

Vomt1 = Ymt2Viy — Ym—19¥i 41 for m > 2
Pam = (%) : (¢m+2¢3n71 - wm—2¢72n+1) for m > 3

—\



WHAT 18 J[n]?

TL,DR; they look ugly.

You can do the same for hyperelliptic curves of genus 2, but I am not going
to write them down. See Kanayama (2005).

Computers work with points on Jacobians using a thing called Mumford
representation, which essentially represents (almost) every divisor on J as
two polynomials (u(z),v(x)). There is a way to compute division
polynomials using these Mumford coordinates (they still ugly), see
Bernatska (2025).
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WHAT ABOUT Jrops?

What about Jiors = U,, J[1]?

Good news and bad news! There’s no equivalent of Mazur’s theorem, but
some things follow analogously to elliptic curves.

Let K be a local field, and let ¢ : E(K) — E(k) be the reduction map, and
let F1(K) = ker(p). Then, E;(K) 2 m, the maximal ideal in K. Using the
theory of formal groups, one can show that E1(K) contains no n-torsion for
(n,p) = 1.

Similarly, we have a reduction map ¢ : J(K) — J(k) with kernel J; (K),
and J1(K) = m x m. Using the theory of formal groups again, one can show
that Ji(K) contains no n-torsion if (n,p) = 1.
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WHAT ABOUT Jrops?

There exists a short exact sequence

0— Ji(K) — J(K)— J(k) — 0.

So, to compute J(K )iors, we can compute #j(k) for some nice p’s, and we
must have that J(K )tors is @ subgroup of all of these J(k)’s, so in particular

#J(K )tors must divide the ged of #J(k)’s.

One can then use heights to narrow search space and actually compute
these points.
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Consider
y2 =2% 4+ 227 + 325 + 42° + 92" + 82 + Tz® + 22 + 1.

It’s bad primes of reduction are 2,3,13177.

One can compute #J(IF,) using the formula

#T(F,) = SHO(F,)* + #C(F,2) — .

We compute that #J(Fs) = 180 and #J(F7) = 666, so #J(Q)tors | 18. A
closer inspection shows that

#J(Fs) 2 7Z/3Z x ZJ60Z and  #.J(F7) = Z/666Z,
so we may conclude that J(Q)ors is isomorphic to a subgroup of Z/6Z.

One can show that #J(Q)[2] = 2, and the point [(0,—1) — co1] is a rational

%Wt of order 3.



n-DIVISION FIELDS

What do we do with torsion? Galois theory!

The coordinates of the n-torsion points are algebraic numbers, so we can
adjoin these coordinates to K to obtain K(J[n]), called the n-division
field.

How does G,y act on this field?



GALOIS THEORY

How does G, act on K(J[n])?

J[n] is a 4-dimensional vector space. By picking Py, P, P3, Py of J[n] as a
basis, we can represent any automorphism of this space as a 4 X 4 matrix.
Because the Galois action respects linearity, we can actually get a
representation

pn : G — GL4(Z/nZ).

Question: Is the image actually all of GL4(Z/nZ)?
Answer: No, because I lied.
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C?/A is not automatically a Jacobian. It is an analytic description of the
Jacobian, but we need an algebraic description as well.

A necessary and sufficient ingredient required for a complex torus CY/A to
be a projective variety is the existence of a positive definite Hermitian form
H on CY such that the imaginary part E :=im(H) on A X A is integral.
This form H is called a polarisation.

For a Jacobian, there is a canonical choice of this pairing that we are going
to call a principal polarisation. More precisely, our Jacobian comes with
a map

JxJ— 7.

—\



GALOIS THEORY

What on earth does this mean for us?
Let K be a field containing the n'® roots of unity. We can define a Weil
pairing

en + ] X Jn] — pn(K),

that is a bilinear, alternating, non-degenerate form, a.k.a a symplectic form.

This means that J[n] is actually a symplectic vector space over Z/nZ!

So, we actually get a map from

pn : Gk — GSp,(Z/nZ).



OPEN IMAGE THEOREMS

Serre in 1972 showed that for non-CM elliptic curves, the image of
pn : Gk — GL2(Z/nZ) is surjective for all but finitely many primes. This is
called the open-image theorem.

In 1986, in a letter to Vigneras, Serre showed that for a dimension 2 (or 6,
or an odd dimension) abelian variety, if the endomorphism ring of the
abelian variety is Z, then image of p, is surjective on GSp,(F,) for all but
finitely many primes.



